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SERIES EDITOR’S PREFACE 


‘Et moi, ..., si javait su comment en revenir, 
je n'y serais point alle.’ 
Jules Verne 


The series is divergent; therefore we may be 
able to do something with it. 


One service mathematics has rendered the 
human race. It has put common sense back 
where it belongs, on the topmost shelf next 
to the dusty canister labelled ‘discarded non- 
sen se’. 

Eric T. Bell 


O. Heaviside 


Mathematics is a tool for thought. A highly necessary tool in a world where both feedback and non- 
linearities abound. Similarly, all kinds of parts of mathematics serve as tools for other parts and for 
other sciences. 

Applying a simple rewriting rule to the quote on the right above one finds such statements as: 
‘One service topology has rendered mathematical physics ...’; ‘One service logic has rendered com- 
puter science ...; ‘One service category theory has rendered mathematics ...’. All arguably true. And 
all statements obtainable this way form part of the raison d’étre of this series. 

This series, Mathematics and Its Applications, started in 1977. Now that over one hundred 
volumes have appeared it seems opportune to reexamine its scope. At the time I wrote 


“Growing specialization and diversification have brought a host of monographs and 
textbooks on increasingly specialized topics. However, the ‘tree’ of knowledge of 
mathematics and related fields does not grow only by putting forth new branches. It 
also happens, quite often in fact, that branches which were thought to be completely 
disparate are suddenly seen to be related. Further, the kind and level of sophistication 
of mathematics applied in various sciences has changed drastically in recent years: 
measure theory is used (non-trivially) in regional and theoretical economics; algebraic 
geometry interacts with physics; the Minkowsky lemma, coding theory and the structure 
of water meet one another in packing and covering theory; quantum fields, crystal 
defects and mathematical programming profit from homotopy theory; Lie algebras are 
relevant to filtering; and prediction and electrical engineering can use Stein spaces. And 
in addition to this there are such new emerging subdisciplines as ‘experimental 
mathematics’, ‘CFD’, ‘completely integrable systems’, ‘chaos, synergetics and large-scale 
order’, which are almost impossible to fit into the existing classification schemes. They 
draw upon widely different sections of mathematics.” 


By and large, all this still applies today. It is still true that at first sight mathematics seems rather 
fragmented and that to find, see, and exploit the deeper underlying interrelations more effort is 
needed and so are books that can help mathematicians and scientists do so. Accordingly MIA will 
continue to try to make such books available. 

If anything, the description I gave in 1977 is now an understatement. To the examples of 
interaction areas one should add string theory where Riemann surfaces, algebraic geometry, modu- 
lar functions, knots, quantum field theory, Kac-Moody algebras, monstrous moonshine (and more) 
all come together. And to the examples of things which can be usefully applied let me add the topic 
‘finite geometry’; a combination of words which sounds like it might not even exist, let alone be 
applicable. And yet it is being applied: to statistics via designs, to radar/sonar detection arrays (via 
finite projective planes), and to bus connections of VLSI chips (via difference sets). There seems to 
be no part of (so-called pure) mathematics that is not in immediate danger of being applied. And, 
accordingly, the applied mathematician needs to be aware of much more. Besides analysis and 
numerics, the traditional workhorses, he may need all kinds of combinatorics, algebra, probability, 
and so on. 

In addition, the applied scientist needs to cope increasingly with the nonlinear world and the 


vi 


extra mathematical sophistication that this requires. For that is where the rewards are. Linear 
models are honest and a bit sad and depressing: proportional efforts and results. It is in the non- 
linear world that infinitesimal inputs may result in macroscopic outputs (or vice versa). To appreci- 
ate what I am hinting at: if electronics were linear we would have no fun with transistors and com- 
puters; we would have no TV; in fact you would not be reading these lines. 

There is also no safety in ignoring such outlandish things as nonstandard analysis, superspace 
and anticommuting integration, p-adic and ultrametric space. All three have applications in both 
electrical engineering and physics. Once, complex numbers were equally outlandish, but they fre- 
quently proved the shortest path between ‘real’ results. Similarly, the first two topics named have 
already provided a number of ‘wormhole’ paths. There is no telling where all this is leading - 
fortunately. 

Thus the original scope of the series, which for various (sound) reasons now comprises five sub- 
series: white (Japan), yellow (China), red (USSR), blue (Eastern Europe), and green (everything 
else), still applies. It has been enlarged a bit to include books treating of the tools from one subdis- 
cipline which are used in others. Thus the series still aims at books dealing with: 


- a central concept which plays an important role in several different mathematical and/or 
scientific specialization areas; 

- new applications of the results and ideas from one area of scientific endeavour into another; 

- influences which the results, problems and concepts of one field of enquiry have, and have had, 
on the development of another. 


A differential equation of the form y”(t} A (t)y(t) = O looks very familiar and certainly a great 
many volumes have been written about the corresponding boundary-value problems. In this book, 
however, the equation above is an operator equation, and that makes it unique. The spectral 
analysis of Sturm-Liouville differential operator equations in the case of an infinite-dimensional 
space, began very recently (in spite of the many potential applications) and this book, by two well 
known researchers in the area, aims to present the subject systematically together with its natural 
links to the important area of extensions of symmetric operators. 


The shortest path between two truths in the 
real domain passes through the complex 
domain. 

J. Hadamard 


La physique ne nous donne pas seulement 
l'occasion de resoudre des problèmes ... elle 
nous fait pressentir la solution. 

H. Poincaré 


Bussum, January 1990 


Never lend books, for no one ever returns 
them; the only books I have in my library 
are books that other folk have lent me. 


Anatole France 


The function of an expert is not to be more 
right than other people, but to be wrong for 
more sophisticated reasons. 

David Butler 


Michiel Hazewinkel 
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Preface 


The book deals with the theory of boundary value problems for second-order oper- 
ator differential equations of the form 


y(t) + A(t)y(t) =O (te [a,b], —œo< a< b< oo), 


where the A(t) are semi-bounded self-adjoint operators on a separable Hilbert space 
H. The study of differential equations whose coefficients are unbounded operators 
on a Hilbert or Banach space is useful not only because these include many partial 
differential equations but also because it offers the possibility of looking at ordinary 
as well as partial differential operators from a single viewpoint. 

The studies of the last 30 years have enriched the theory of operator differential 
equations with significant results. The presentation of the Gauchy problem and 
the stability theory of solutions can be found both in textbooks on the theory 
of operators (Hille—Phillips [1], for example) and in special monographs (see, for 
example, Lions [1], S. Krein [1], Daletsky-M. Krein [1]). The spectral analysis of the 
Sturm-—Liouville operator differential equation, which was given a lot of attention in 
the scalar case and in the case of a finite-dimensional §), began its development quite 
recently in the case of an infinite-dimensional space and an unbounded operator 
potential A(t). Naturally, then, there are no books which reflect on this trend. In 
this book we would like to fill this gap, if not completely, then at least partially. 

For the scalar Sturm—Liouville equations one usually considers two cases, that 
of a bounded and that of an unbounded interval, i.e. the regular and the singular 
case. They are known to differ as regards formulation of problems, methods of 
investigation, and fields of applications. 

When studying operator equations one must take into account not only bound- 
edness or unboundedness of the interval, but also the character of unboundedness 
of the potential. The fact whether the operators A(t) are lower or upper semi- 
bounded proved to be fundamentally important. In this connection, the equations 
are divided into elliptic (A(t) < 0) and hyperbolic (A(t) > 0). The Laplace equa- 
tion and the D’Alembert equation serve as respective models for these. In view 
of the limited volume of the book and the unlimited stream of results we mainly 
consider the case of a bounded interval and present the theory of dissipative (in 
particular, self-adjoint) boundary value problems. It is quite natural that while 
selecting material the authors’ personal interests somewhat prevailed. 

In the first chapter we give basic definitions and (almost without proofs) classical 
theorems from the theory of Banach, Hilbert, and locally convex topological spaces, 


X PREFACE 


and from the theory of linear operators on them. This information is necessary for 
understanding the subsequent chapters. Since the principal object of study of this 
book is a vector-function with values in infinite-dimensional spaces, while the major 
instrument of investigation is the operational calculus of self-adjoint operators, 
these are given greater attention. . 

The second chapter deals with the theory of boundary values of solutions of 
second-order elliptic operator differential equations which are smooth inside the 
interval. On the one hand, this theory plays an important role in the formulation 
and investigation of boundary value problems for such equations; on the other hand, 
it gives a uniform approach to the theory of boundary values of analytic functions, 
allowing one to obtain, in particular, well-known theorems concerning existence of 
boundary values of harmonic (analytic) functions u(z, t) in the upper half-plane, in 
the Schwartz space of distributions if u(z,t) has power growth as t approaches the 
real axis and in the spaces of ultradistributions if u(z,t) has exponential growth as 
t approaches the real axis. This theory also makes it possible to establish analogous 
results for solutions of homogeneous partial differential equations different from the 
Laplace equation which are smooth inside the domain. 

The proofs of the principal results are based on the spectral representation the- 
orem for a self-adjoint operator on a Hilbert space. Also, chains of spaces with 
positive and negative norms and their inductive and projective limits are essen- 
tially used. Their theory is set forth in sufficient detail. 

The third chapter consists in fact of two parts. The first part is devoted to the 
theory of extensions of abstract symmetric operators. Its presentation somewhat 
differs from the traditional one and is adapted to the theory of boundary value 
problems. The description of various classes of extensions (maximal dissipative, self- 
adjoint, solvable and others), as well as the structure of the spectrum of extensions 
from these classes, is given in terms of so-called boundary value spaces. The latter 
are convenient and natural because they turn into the usual boundary condition 
in certain concrete situations. Here, an important place is occupied by theorems 
about various representations of binary relations in a Hilbert space. These are the 
starting point in constructing the theory of extensions. 

In the second part this theory is applied to investigating boundary value problems 
for the formally self-adjoint Sturm-—Liouville expression with operator potential of 
hyperbolic type given on a bounded interval. The minimal operator generated by 
it is symmetric and has infinite deficiency numbers when dim §) = oo. Each ex- 
tension of it is associated with some boundary value problem in the sense that 
vector-functions in the domain of the extension satisfy a definite boundary con- 
dition at the ends of the interval. Therefore, a lot of properties of extensions 
(self-adjointness, maximal dissipativeness, structure of the spectrum, etc.) can be 
completely described in terms of the coefficients of the equation and the boundary 
conditions corresponding to these extensions. 

The fourth chapter contains results concerning the spectral theory of boundary 
value problems in the elliptic case. The various classes of dissipative problems 
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are described in it, and the asymptotic distribution of their eigenvalues is studied. 
Particular attention is paid to self-adjoint boundary value problems with discrete 
spectrum. The behaviour of the distribution function of the eigenvalues of such 
a problem depends essentially on the boundary conditions. Classes of self-adjoint 
boundary value problems for which the dominant term in the asymptotics of the 
distribution function has given order of growth are singled out. For some of them the 
second-order terms of the asymptotics are studied, and an estimate of the remainder 
is given. We also establish a connection between the asymptotic behaviour of the 
distribution function of the eigenvalues and the smoothness up to the boundary of 
elements in the domain of the self-adjoint extension corresponding to the boundary 
value problem considered. 

The fifth, and last, chapter deals with the theory of boundary values at zero 
of solutions of a first-order differential equation of the form y’(t) + Ay(t) = 0 
(t € (0, 00)) in a Banach space. One of the reasons to construct such a theory is 
the hope to find a general approach to the well-known Riesz theorems concerning 
boundary values in Lp spaces (p # 2) of analytic functions, from the viewpoint of 
evolution equations. 

Since infinity as well as zero is a singular point for such an equation, we also dis- 
cuss results related to the behaviour of solutions at oo, which is related to stability 
theory. 

The book provides a number of examples which prove that the operator approach 
makes it possible not only to extend the class of already studied partial differential 
equations and their boundary value problems, but also to look from another point 
of view to the spectral theory of self-adjoint boundary value problems for such 
classical expressions as those of Laplace and D’Alembert. 

We will not always formulate the results in the most general form. We have 
preferred to select a somewhat average level of generality (a “golden mean”). The 
rest 1s added by way of comments and references. 

To make reading easy, the principal statements are distinguished in the form of 
theorems, lemmas, corollaries, and remarks as well as formulas. 

It gives us pleasure to thank M.G. Krein and Ju.M. Berezansky, whose great 
influence we felt throughout our scientific activities. Their work on the theory 
of boundary value problems and our continual contact with them determined the 
subject of our investigations and the subject matter of the book. 

In writing the manuscript we were helped by our pupils and colleagues. Sections 
1-3 (Chapter 3) were written together with A. N. Kochubei, Section 6 (Chapter 
1) and Section 3 (Chapter 4) - with V. A. Mikhailets, Section 6 (Chapter 4) - 
with L. I. Vainerman. V. V. Gorodetsky, A. I. Kashpirovski, A. V. Knyaziuk, 
V. V. Levchuk, L. B. Fedorova participated in the discussion of some sections of 
the book. We sincerely thank all of them. 

In preparing the present version we were helped very much by A. N. Kochubei 
and we would like to express our particular gratitude to him. 


